Passage 24 A #4

m Birth rate and death rate depend on age

Crude birth rate measures the number of birts per 1000 people. Crude death rate measures the
number of deaths per 1000 people. We have ignored “age distribution” and sex ratio (males to
females).

These rates, however, should strongly depend on “age distribution” (or population pyramid) of the
population in focus BECAUSE

1) The number of births (how many babies a female gives birth to) depends on the age of the
female.

2) The number of deaths also critically depends on age.

Sex ratio can be considered nearly 1:1 (males and feamles are equal in number).

m Age structured population

Human being Homo sapiens has relatively long life span; they usually live up to several decades, or
sometines more than one hundred years. A population thus usually consists of people of various
ages, from the young to the elder. Such a population is called “age structured” with a certain number
of individuals of age 0, 1, 2, ..., etc.

Up to the previous lectures, we have ignored age structure. But its importance for demography is
obvious.

An age structured population can be described by a vector with a certain number of elements; each
elements represents the number of individuals of a certain age class.

For example, Japanese population by age class (5 years inteval, 0-4 y old, 5-9, 10-14, ..., 85-90) in
1940 and 2014 are given as follows.

Data from http://www.stat.go.jp/english/data/nenkan/1431-02.htm
ageDist1940 = {9128, 8834, 8407, 7409, 6104, 5653, 4947,

4423, 3834, 3207, 2887, 2560, 2227, 1555, 995, 546, 254, 103};
ageDist2014 = {5213, 5307, 5713, 6005, 6203, 6678, 7466,

8670, 9793, 8608, 7791, 7654, 8980, 9154, 7928, 6269, 4869, 4779} ;

Length[ageDist1940]
18
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BarChart [ageDist1940]
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We see a big difference in the age distribution of Japanese population in 1940 and 2014; We had
less elder people in 1940. But more elder people in 2014.

Age distribution is an important indicator of a population because various social activities such as
economy, education, and social security, etc. depend on the percentage of children < 15 years old
or eldery > 65 years old.

Strictly speaking, numbers of males and females in the real world can be diferent for each age
class. But we simplify the complexity and hereafter we only focus on females by assuming that we
always has the same number of males as females for all age classes (Sex ratio being 1:1).

(* AdultPopulation is those between 15 to 64 years old x)
CountryData["Japan", "AdultPopulation”]

7.83259 x 107 people

(*» ElderlyPopulation is those older than 65 years old =x)
CountryData["Japan", "ElderlyPopulation"”]

3.14053 x 107 people

(* ChildPopulation is those younger than 15 years old x)

CountryData["Japan", "ChildPopulation”]

1.6614 x 107 people



dataAdult = CountryData["Japan", {"AdultPopulation"”, All}]

TimeSeries [

Time: 01 Jan 1950 to 01 Jan 2013
/\ Data points 64 }

dataElderly = CountryData["Jdapan", {"ElderlyPopulation”, All}]

. . Time: 01 Jan 1950 to 01 Jan 2013
TimeSeries [ / }

Data points 64

dataChild = CountryData["Japan", {"ChildPopulation", All}]

Time: 01 Jan1950t0 01 Jan 2013 }

TimeSeries { Data points 64

DateListPlot[{dataAdult, dataElderly, dataChild}]
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We have more elderly people > 65 in Japan.

DateListPlot [CountryData["Japan", {"MedianAge", Al11l}]]
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Biologically, females can give birth roughly between 15 to 50 years old (Fertility depends on age).
Therefore, birth rate critically depends on the proportion of females aged between 15 and 50. But
the range of this age depends on social and economic status of country in focus.

Death rate also depends on age.

We have less and less females who can give birth in Japan.
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m How to describe an age structured population

Let ny(f) be the number of people aged x in the year t (x = 1, 2, ...). Then an age structured popula-

tion in year t can be represented by a vector whose elements are nq(f), na(f), ns(f), ..., nu(tf) where
w is the terminal age that may be well set to be 100. Here we exclude babies aged 0 born in the
year t.

We want to describe the age distribution at year t + 1 using that at year t. We use the following two
rules to derive the equation - aging and birth.

Aging

It is obvious that an individual aged x in year t gets older by age one to be aged x + 1 in the next
year t + 1. But some unlucky individuals may not surive to the next year because of accident hap-
pened in year t. Let P, be the probability of people aged x surviving to the next year. Then this rule
of aging is given as.

Ne(t+1) = Pt nyer(f) for x=2,3,4, .., w. (1)

Birth

It is obvious that a baby is born aged 0 (age of all babies is 0). Let mybe the number of babies born
from a mother whose age is x. Then the total number of babies born in the year t is given as the
sum of babies born from each age of mothers in year t.

mq nq(t) + mo na(t) + manz(t) + ... + my, ny(t)

The number of age 1 in the next year t is these new babies born in the year t who have survived one
year with the probability Py. Then, we obtain

nq(t+1) = Pomq n4(t) + Py ma na(t) + Pomz ns(f) + ... + Pomy ny(t)
Here, we replace Py mywith £ to get

m(t+1) = Ffrn(t) + fana(t) + fn3(t) + ... + fwnu(t) (2)

Leslie Model (Matrix model)

Equation (1) and (2) describe the age distriubtion at year t+1 in terms of that at year t. Although
these equations look formidable, these can be readily represented by using matrix and vector
notations as

n(t+1) = A n(t) 3)

where n(t) is the column vector (n¢(f), na(f), ns(f), ..., ny(t)) and A is a w by w matrix with the first
row being (fy, f2, f3, ..., fy) and (Pq, P2, Ps, ..., Py-1) in the subdiagomal. The matrix A is called
Leslie matrix after Patrick H Leslie who first used this matrix notation to describe age structured
population.

Age-dependent fertility data f, and annual survival probability P, can be available from various
sources.
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Equation (3) can be easily solved if the matrix A is a constant matrix, i.e., all elements are constant.
The solution is

n(t) = Ain(0)

For human being, w = 100 and the matrix A can be in huge dimension and calcualtion the power t
may be tedious. But Mathematica can do it easily.

Age - dependent fertilities

Fertility f, does depend on age. Females can give birth biologically between age 15 to 50. But actual
age of having baby is critically affected by society they live, e.g., age of marriage, etc.
Average number of births a female has in her lifetime is called “Total fertility rate TFR”.

DateListPlot [CountryData["Japan", {"TotalFertilityRate", Al11l}]]
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Age - dependent survival probabilities

Annual survival probability (or death probability) does depend on age. Basically it is high for infant
and for elder people. Age-dependent death rates (Probability of death at each age) for Japanese
women in 2014 for age 0, 1, 2, ..., 104, are available at the Ministry of Health
(http://www.mhlw.go.jp/toukei/saikin/hw/life/life 14/index.html)

SetDirectory["/Users/takasu/Downloads/"];
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dataDeathRate = ReadList["death rate female Japan 2014.csv", Real]

{0.00198, 0.0003, 0.00021, 0.00014, 0.0001, 0.00009, 0.00008, 0.00006,
0.00006, 0.00006, 0.00006, 0.00006, 0.00007, 0.00007, 0.00007, 0.00008,
0.0001, 0.00012, 0.00015, 0.00017, 0.00019, 0.00021, 0.00023, 0.00024,
0.00025, 0.00027, 0.00028, 0.00029, 0.0003, 0.00031, 0.00033, 0.00035,
0.00036, 0.00038, 0.0004, 0.00043, 0.00046, 0.0005, 0.00054, 0.0006,
0.00066, 0.00071, 0.00076, 0.00082, 0.0009, 0.00099, 0.00109, 0.00119,
0.00129, 0.00139, 0.00152, 0.00166, 0.00181, 0.00196, 0.00212, 0.00228,
0.00244, 0.0026, 0.00276, 0.00295, 0.00318, 0.00344, 0.00375, 0.0041,
0.0045, 0.00488, 0.00525, 0.00563, 0.00606, 0.0066, 0.00727, 0.00805,
0.00889, 0.00987, 0.01103, 0.01242, 0.01408, 0.01606, 0.01841, 0.02116,
0.02438, 0.02802, 0.03225, 0.03715, 0.04274, 0.04906, 0.05612, 0.06436,
0.07417, 0.08565, 0.0988, 0.11266, 0.12713, 0.14228, 0.15706, 0.17422,
0.193, 0.2135, 0.23581, 0.26003, 0.2862, 0.31439, 0.3446, 0.37682, 0.41099}

Length[dataDeathRate]

105

ListPlot [dataDeathRate, Joined -» True, AxesLabel » {"Age", "Prob. death"}]
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ListLogPlot [dataDeathRate, Joined -» True, AxesLabel -» {"Age", "Prob. death"}]
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m Example |: Two age classes

Assume a simple case that a biological orgamism who can live maximally two years (no more than
two) gives birth and dies according to the below model. For examples, small-sized animal such as
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bird.
Birth
{ . Survival }
Qe Y

Then, the number of age 1 and 2, n{(f)and ny(t), follows the below equation.
mat = {{f1, £2}, {P1, 0}}
{{f1, £2}, {P1, 0}}

MatrixForm[mat]

(fl fZ)
P1 O

Letfy =0.5, f, =1, P; = 0.75. How does this organizm grow in size when we start from
(n1(0), n2(0)) = (1, 0)?

para = {f1 0.5, f2-51, P1 - 0.75}
{f1-50.5, f2>51, P1-50.75}

matN = mat /. para

{{0.5, 1}, {0.75, 0}}

MatrixPower [matN, 1].{1, 0}

{0.5, 0.75}

MatrixPower [matN, 2].{1, 0}

{1., 0.375}

MatrixPower [matN, 3].{1, 0}

{0.875, 0.75}

MatrixPower [matN, 4].{1, 0}

{1.1875, 0.65625}

seqData = Table[MatrixPower [matN, t].{1, 0}, {t, O, 30}]

{{1., 0.}, {0.5,0.75}, {1., 0.375}, {0.875, 0.75}, {1.1875, 0.65625},

{1.25, 0.890625}, {1.51563, 0.9375}, {1.69531, 1.13672}, {1.98438, 1.27148},
{2.26367, 1.48828}, {2.62012, 1.69775}, {3.00781, 1.96509},

{3.46899, 2.25586}, {3.99036, 2.60175}, {4.59692, 2.99277},

(5.29123, 3.44769}, {6.09331, 3.96842}, {7.01508, 4.56998}, {8.07752, 5.26131},
{9.30007, 6.05814}, {10.7082, 6.97505}, {12.3291, 8.03113}, {14.1957, 9.24685},
(16.3447, 10.6468}, {18.8191, 12.2585}, {21.6681, 14.1143}, {24.9484, 16.2511},
(28.7253, 18.7113}, {33.0739, 21.5439}, {38.0809, 24.8054}, {43.8459, 28.5607}}



8 | Passage 4 2018.nb

seqPopSize = Apply[Plus, Transpose[seqData]]

{1.,1.25,1.375, 1.625, 1.84375, 2.14063, 2.45313, 2.83203, 3.25586,
3.75195, 4.31787, 4.9729, 5.72485, 6.5921, 7.58969, 8.73892, 10.0617,
11.5851, 13.3388, 15.3582, 17.6832, 20.3603, 23.4425, 26.9915,
31.0776, 35.7824, 41.1994, 47.4365, 54.6179, 62.8863, 72.4066}

ListPlot[seqPopSize]
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ListLogPlot [seqPopSize]
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Eigensystem[matN]

{{1.15139, -0.651388}, {{0.837912, 0.545806}, {-0.655728, 0.754997}}}

Eventually, the total population increases by the factor 1.15139 (15.139% increase) and the age
distribution is (0.8379, 0.5458). In other words, the population increases annually by the principal
eigenvalue and the age distribution is given by the eigenvector corresponding to the principal
eigenvalue.

m Example 2 : A hypothetical scenario for human being

Question

In the above Example 2, what happens if women start to have babies 10 years later in their lives,
e.g., from 31 to 45, not from 21 to 35, while annual survival probabilities remain the same? The total
number of children a woman has is the same. But the timing of start having babies is delayed.



