Passage 24 A #5

m Age structured population

Human being Homo sapiens has relatively long life span; they usually live up to several decades, or
sometines more than one hundred years. A population thus usually consists of people of various
ages, from the young to the elder. Such a population is called “age structured” with a certain number
of individuals of age 0, 1, 2, ..., etc.

Up to the previous lectures, we have ignored age structure. But its importance for demography is
obvious.

An age structured population can be described by a vector with a certain number of elements; each
elements represents the number of individuals of a certain age class.

For example, Japanese population by age class (5 years inteval, 0-4 y old, 5-9, 10-14, ..., 85-90) in
1940 and 2014 are given as follows.

Data from http://www.stat.go.jp/english/data/nenkan/1431-02.htm

ageDist1940 = {9128, 8834, 8407, 7409, 6104, 5653, 4947,
4423, 3834, 3207, 2887, 2560, 2227, 1555, 995, 546, 254, 103};

ageDist2014 = {5213, 5307, 5713, 6005, 6203, 6678, 7466,
8670, 9793, 8608, 7791, 7654, 8980, 9154, 7928, 6269, 4869, 4779};

Length[ageDist1940]
18

BarChart [ageDist1940]
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BarChart[ageDist2014]
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We see a big difference in the age distribution of Japanese population in 1940 and 2014; We had
less elder people in 1940. But more elder people in 2014.

Age distribution is an important indicator of a population because various social activities such as
economy, education, and social security, etc. depend on the percentage of children < 15 years old
or eldery > 65 years old.

Strictly speaking, numbers of males and females in the real world can be diferent for each age

class. But we simplify the complexity and hereafter we only focus on females by assuming that we
always has the same number of males as females for all age classes.

m How to describe an age structured population

Let ny(t) be the number of people aged x in the year t (x =1, 2, ...). Then an age structured popula-

tion in year t can be represented by a vector whose elements are nq(t), na(t), ns(f), ..., nu(t) where
w is the terminal age that may be well set to be 100. Here we exclude babies aged 0 born in the
year t.

We want to describe the age distribution at year ¢ + 1 using that at year t. We use the following two
rules to derive the equation - aging and birth.

Aging

It is obvious that an individual aged x in year t gets older by age one to be aged x + 1 in the next
year t + 1. But some unlucky individuals may not surive to the next year because of accident hap-
pened in year t. Let P, be the probability of people aged x surviving to the next year. Then this rule
of aging is given as.

ny(t+1) = Pyoqnyq(f) for x=2,3,4, ..., w. (1)

Birth

It is obvious that a baby is born aged 0 (age of all babies is 0). Let mybe the number of babies born
from a mother whose age is x. Then the total number of babies born in the year t is given as the
sum of babies born from each age of mothers in year t.

mq nq(£) + my na(t) + my ns3(t) + ... + my ny(f)
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The number of age 1 in the next year t is these new babies born in the year t who have survived one
year with the probability Py. Then, we obtain

nq (t+ 1) = P0m1 nq (t) + Po mo n2(t) + Po ms3 ng(f) + ...+ Po my, nw(t)
Here, we replace Py mywith £, to get
n(t+1)=frn(t) + o na(t) + f3n3(t) + ... + f ny(t) (2)

Leslie Model (Matrix model)

Equation (1) and (2) describe the age distriubtion at year t+1 in terms of that at year t. Although
these equations look formidable, these can be readily represented by using matrix and vector
notations as

n(t+1) = A n(t) (3)

where n(t) is the column vector (n¢(f), na(f), ns(f), ..., ny(t)) and A is a w by w matrix with the first
row being (f1, f2, f3, ..., fy) and (P4, P2, Ps, ..., Py-1) in the subdiagomal. The matrix A is called
Leslie matrix after Patrick H Leslie who first used this matrix notation to describe age structured
population.

Age-dependent fertility data f, and annual survival probability P, can be available from various
sources.

Equation (3) can be easily solved if the matrix A is a constant matrix, i.e., all elements are constant.
The solution is

n(t) = Ain(0)

For human being, w = 100 and the matrix A can be in huge dimension and calcualtion the power ¢
may be tedious. But Mathematica can do it easily.

Age - dependent fertilities

Fertility f, does depend on age. Females can give birth biologically between age 15 to 50. But actual
age of having baby is critically affected by society they live, e.g., age of marriage, etc.

Age - dependent survival probabilities

Annual survival probability (or death probability) does depend on age. Basically it is high for infant
and for elder people. Age-dependent death rates (Probability of death at each age) for Japanese
women in 2014 for age 0, 1, 2, ..., 104, are available at the Ministry of Health
(http://www.mhlw.go.jp/toukei/saikin/hw/life/life 14/index.html)

SetDirectory["/Users/takasu/home/FHBFAHDLE/BR/ M2 9 FE /029
J\Y— 1 /Presentation/data/"|;
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dataDeathRate = ReadList["death rate female Japan 2014.csv", Real]

{0.00198, 0.0003, 0.00021, 0.00014, 0.0001, 0.00009, 0.00008, 0.00006,
0.00006, 0.00006, 0.00006, 0.00006, 0.00007, 0.00007, 0.00007, 0.00008,
0.0001, 0.00012, 0.00015, 0.00017, 0.00019, 0.00021, 0.00023, 0.00024,
0.00025, 0.00027, 0.00028, 0.00029, 0.0003, 0.00031, 0.00033, 0.00035,
0.00036, 0.00038, 0.0004, 0.00043, 0.00046, 0.0005, 0.00054, 0.0006,
0.00066, 0.00071, 0.00076, 0.00082, 0.0009, 0.00099, 0.00109, 0.00119,
0.00129, 0.00139, 0.00152, 0.00166, 0.00181, 0.00196, 0.00212, 0.00228,
0.00244, 0.0026, 0.00276, 0.00295, 0.00318, 0.00344, 0.00375, 0.0041,
0.0045, 0.00488, 0.00525, 0.00563, 0.00606, 0.0066, 0.00727, 0.00805,
0.00889, 0.00987, 0.01103, 0.01242, 0.01408, 0.01606, 0.01841, 0.02116,
0.02438, 0.02802, 0.03225, 0.03715, 0.04274, 0.04906, 0.05612, 0.06436,
0.07417, 0.08565, 0.0988, 0.11266, 0.12713, 0.14228, 0.15706, 0.17422,
0.193, 0.2135, 0.23581, 0.26003, 0.2862, 0.31439, 0.3446, 0.37682, 0.41099}

Length[dataDeathRate]

105

ListPlot [dataDeathRate, Joined -» True, AxesLabel » {"Age", "Prob. death"}]
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ListLogPlot [dataDeathRate, Joined -» True, AxesLabel -» {"Age", "Prob. death"}]
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m Example I: Two age classes

m Example 2 : A hypothetical scenario for human being
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Assume that all womens start to give birth with a contant rate f during 21 to 35 years old every year.
Let f=0.08. A woman has roughly 0.08 (35 - 20) = 1.2 daughters on average in her life (2.4 chil-
dren).

Annual survival probabilities are assumed to be given those of Japanese women in 2014.

mat = Table[O, {i, 1, 100}, {j, 1, 100}];
fConst = 0.08;

Do [
If[20<j && j <36, mat[[1l, j]] = fConst];
mat[[1+3J, j]] =1-dataDeathRate[[j+1]], {j, 1, 99}
1i

mat[[100, 100]] = 1 - dataDeathRate[[101]];
MatrixForm[mat]

Eigenvalues[mat] // Chop

{1.0064, 0.963879 +0.2178191, 0.963879 -0.2178191i, 0.806593 +0.510536 1,
0.806593 -0.5105361, 0.868205 +0.366656 1, 0.868205-0.366656 1,
0.678349 +0.645733 1, 0.678349 -0.645733 1, 0.414617 +0.838603 1,
0.414617 -0.838603 1, 0.566957 +0.740127 1, 0.566957 -0.740127 1,
0.104635+0.9254411, 0.104635-0.9254411, -0.215423 +0.897477 1,
-0.215423-0.8974771, -0.646252+0.6558921, -0.646252-0.655892 1,
-0.830269+0.3961581, -0.830269-0.3961581, 0.264981 +0.879556 1,
0.264981 -0.8795561, -0.380366 + 0.8351151, -0.380366 -0.8351151,
-0.910695+0.0872631, -0.910695-0.087263 1, -0.0639602+0.912583 1,
-0.0639602-0.912583 1, -0.507887 +0.7589621i, -0.507887 -0.758962 1,
-0.878363+0.2337591, -0.878363-0.2337591, -0.738202+0.527974 1,
-0.738202-0.5279741, 0.7138, 0, 0, 0, O, O, O, O, O, O, O, O, O, 0, 0O,
o, o, o, 0, 0, 0, 0, 0, 0,0, 0,0,o0,o0,o0,0,0,0,0,0,0,0,0,0,0,

o, o, 0, 0, 0, 0, 0, 0, 0, 0, O, O, O, O, O, 0,0,0,0,0,0,0,0,0,0}

The population will eventually increases by 0.64%

tmp = Eigensystem[mat] // Chop

{{1.0064, 0.963879 +0.217819 1, 0.963879 - 0.217819 i,
0.806593 +0.510536 1, 0.806593 - 0.510536 i, 0.868205 + 0.366656 i,
0.868205 - 0.366656 1, ,0,0,0,0,0,0,0}, 1}

REWHA RREDL< Ho ERT IRTRR KESHRDORE...
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ageDistStable = tmp[[2]][[1]]

{0.141295, 0.140355, 0.139433, 0.138527, 0.137632, 0.136745, 0.135865, 0.134993,
.134126, 0.133265, 0.13241, 0.13156, 0.130715, 0.129874, 0.129039, 0.128209,
.127381, 0.126556, 0.125732, 0.124911, 0.124093, 0.123279, 0.122467,
.121659, 0.120855, 0.120054, 0.119257, 0.118464, 0.117676, 0.116891,

.11611, 0.115331, 0.114557, 0.113785, 0.113016, 0.112249, 0.111484, 0.11072,
.109957, 0.109192, 0.108426, 0.10766, 0.106894, 0.106127, 0.105358,

.104584, 0.103806, 0.103023, 0.102236, 0.101445, 0.100646, 0.0998404,
.099026, 0.0982035, 0.0973722, 0.0965324, 0.0956846, 0.094829, 0.0939659,
.093093, 0.0922069, 0.0913054, 0.0903847, 0.0894417, 0.0884731, 0.0874815,
.0864689, 0.0854354, 0.0843777, 0.0832878, 0.0821566, 0.080977, 0.0797468,
.0784576, 0.0770989, 0.0756572, 0.0741176, 0.0724636, 0.0706772, 0.0687418,
.0666395, 0.0643604, 0.0618887, 0.0592106, 0.0563196, 0.053216, 0.0499101,
.046401, 0.0426863, 0.038782, 0.0347281, 0.0306197, 0.0265571, 0.0226337,
.0189575, 0.0155552, 0.0124732, 0.00974782, 0.00740182, 0.0187189}

o

O O O O O O O O o o o o

ListPlot [ageDistStable, Joined » True, AxesLabel » {"Age", "Pop size"}]

Pop size

. . . . — Age
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The stable age distribution is given as the above graph.

Initial population is assmed to be (0.1, 0.1,, ...,,0.1,0,0,0, ... ), i.e., the population starts 1 to 10
years old classes with 0.1

initPop = Table[0, {100}];
Do [
initPop[[i]] = 0.1, {i, 1, 10}
1:

initPop

{0.1,0.1,0.1,0.1,0.1,0.1, 0.1, 0.1, 0.1, 0.1, 0,0,0,0,0,0,0,0,0,
o, o, o, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0O, 0, O, O, O, O, O, O, O, O, O, O, O, O, O,
o, o, 0, 0, 0, 0, 0, 0, 0, 0, 0, O, O, O, O, O, 0, 0,0,0,0,0,0,0,0,0,0,
o, o, 0, 0, 0, 0, 0, 0, 0, 0O, O, O, O, O, O, O, O, O, O, O, O, O, O, O, O, O, O}

Population distribution at t - th year. is given as n(t) = A’n(0)



MatrixPower [mat, 1] .initPop
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{0., 0.09997, 0.099979, 0.099986, 0.09999, 0.099991, 0.099992, 0.099994,

0.099994, 0.099994, 0.099994, 0., 0.

;0.,0.,0.

,0.,0.,0.,0.,0.,0.,

0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,

0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,

0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,

0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.}
tEnd = 200;

seqData = Table[MatrixPower [mat, t].initPop, {t, 1, tEnd}];

seqPopSize = Apply[Plus, Transpose[seqgData]]
{0.999884, 0.999792, 0.999714, 0.999643, 0.999575, 0.999508, 0.999439, 0.999364,

0.99928, 0.999185, 0.999077, 1.00695, 1.02278, 1.04659, 1.07835, 1.11807,
.16575, 1.22137, 1.28495, 1.35647, 1.43593, 1.51535, 1.59472, 1.67405,
.75334, 1.83258, 1.90381, 1.96704, 2.02227, 2.0695, 2.10872, 2.13994,

.16379, 2.18091, 2.19193, 2.1975, 2.20618, 2.21861, 2.2354, 2.25719, 2.28461,
.31828, 2.35818, 2.4043, 2.45663, 2.51516, 2.57987, 2.6495, 2.72275, 2.79835,
.87501, 2.95146, 3.02641, 3.09862, 3.1669, 3.23012, 3.28719, 3.33835,
.38388, 3.42411, 3.4594, 3.49017, 3.51751, 3.5425, 3.56623, 3.58975, 3.61408,
.64025, 3.6691, 3.70128, 3.73731, 3.77753, 3.82149, 3.86857, 3.91798,
.96884, 4.02013, 4.0707, 4.11946, 4.16537, 4.20749, 4.24503, 4.2774, 4.30434,
.32591, 4.34243, 4.35446, 4.3628, 4.36848, 4.3727, 4.37676, 4.38211, 4.38998,
.40135, 4.41686, 4.43698, 4.46197, 4.49188, 4.52653, 4.56551, 4.60827,
.65393, 4.70166, 4.75061, 4.79992, 4.84876, 4.8963, 4.94177, 4.98454,

.0241, 5.06013, 5.09248, 5.12121, 5.14656, 5.16895, 5.18894, 5.20719,

0 N N9 9o oo UL ERWWWNDDNDNDN R

.22445, 5.24153, 5.25923, 5.27833, 5.29952, 5.3234, 5.35041, 5.38088,

.41494, 5.45257, 5.49356, 5.53754, 5.58402, 5.63241, 5.68206, 5.73229,
.78243, 5.83182, 5.87988, 5.92613, 5.97019, 6.01183, 6.05092, 6.0875,

.12171, 6.15382, 6.18421, 6.21335, 6.24177, 6.27004, 6.29873, 6.32841,
.35957, 6.39265, 6.428, 6.46585, 6.50632, 6.54944, 6.59507, 6.64301, 6.69295,
.74449, 6.79719, 6.85057, 6.90415, 6.95746, 7.01006, 7.06157, 7.1117,

.16023, 7.20707, 7.25218, 7.29567, 7.3377, 7.37855, 7.41853, 7.45801,

.49741, 7.53713, 7.57757, 7.61912, 7.66208, 7.70673, 7.75326, 7.80177,
.85231, 7.9048, 7.95912, 8.01506, 8.07235, 8.1307, 8.18975, 8.24918, 8.30863,
.36779, 8.42639, 8.48419, 8.54103, 8.5968, 8.6515, 8.70514, 8.75785, 8.80979}

ListPlot [seqPopSize, Joined -» True, AxesLabel - {"Year", "Total Pop Size"}]

Total Pop Size
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ListLogPlot [seqPopSize, Joined -» True, AxesLabel -» {"Year", "Total Pop Size"}]

Total Pop Size
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L L L L Year
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glist = {} H
Do [

(*g=BarChart[seqgqData[[t]],PlotRange—-»{0,0.2}];*)

g = ListPlot[seqData[[t]], Joined -» True, PlotRange -» {0, 0.2},
AxesLabel -» {"Age", "Pop size"}, PlotLabel » "Year " <> ToString[t]];

PrintTemporary[t];

PrintTemporary[g];

AppendTo[glist, g], {t, 1, tEnd}

1

ListAnimate[glist]
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ListPlot[seqgData[[20]], Joined -» True, PlotRange » {0, 0.2},

AxesLabel » {"Age", "Pop size"}, PlotLabel -» "Year " <>ToString[20]]
Year 20
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ListPlot[segqData[[40]], Joined -» True, PlotRange -» {0, 0.2},

AxesLabel » {"Age", "Pop size"}, PlotLabel -» "Year " <> ToString[40]]
Year 40
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ListPlot[segData[[60]], Joined -» True, PlotRange » {0, 0.2},

AxesLabel -» {"Age", "Pop size"}, PlotLabel -» "Year " <> ToString[60]]
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ListPlot[segqData[[80]], Joined -» True, PlotRange » {0, 0.2},
AxesLabel -» {"Age", "Pop size"}, PlotLabel -» "Year " <> ToString[80]]

Year 80

Pop size
0.20
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ListPlot[seqData[[100]], Joined -» True, PlotRange -» {0, 0.2},
AxesLabel » {"Age", "Pop size"}, PlotLabel » "Year " <> ToString[100]]
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ListPlot[Last[seqgData], Joined -» True, PlotRange » {0, 0.2},

AxesLabel -» {"Age", "Pop size"}, PlotLabel -» "Year " <> ToString[200]]
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Question
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In the above Example 2, what happens if women start to have babies 10 years later in their lives,
e.g., from 31 to 45, not from 21 to 35, while annual survival probabilities remain the same? The total
number of children a woman has is the same. But the timing of start having babies is delayed.



